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Colombo, Maringá (PR), Brazil
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The molecular orientation of a nematic sample limited by two concentric cylinders is
theoretically investigated. The surfaces are assumed as having an inhomogeneous dis-
tribution of easy directions. The results are found in the one-constant approximation,
in the presence of an external electric field, for weak anchoring of the molecules at the
surfaces. In order to validate our approximations, the analytical results are compared
with the ones obtained by numerically solving the non-linear bulk differential
equation for the tilt angle profile subjected to non-linearized boundary conditions.
We show that the agreement improves as the extrapolation length increases.

Keywords Dirichlet-Neumann problem; Fréedericksz transition; inhomoge-
neous easy axes; weak anchoring

PACS Numbers 61.30.Gd; 61.30.Hn; 61.30.Pq

I. Introduction

The director profile of a nematic liquid crystal (NLC) in cylindrical geometry is a
classical problem investigated by several authors [1–6]. Very recently, a generalization
of this problem was presented in the strong anchoring situation [7], by considering
also that the surfaces impose inhomogeneous distribution of easy directions. In the
framework of the elastic continuum theory, the determination of the equilibrium pro-
file of the director in the situation of strong anchoring on the boundaries corresponds
to the Dirichlet’s problem, whereas the weak anchoring situation leads to the mixed
Dirichlet – Neumann problem [8–10]. In this work, we re-examine the problem by
taking into account the presence of an external electric field, parallel to the cylinder
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radius, in the limit of small distortions and in the situation of weak anchoring at the
surfaces. We are thus facing the Dirichlet–Newmann problem, which constitutes a
much more difficult mathematical problem, but a more realistic physical situation.
Another motivation for re-examining the problem, in the framework of the usual
approximations of one-elastic constant, parabolic form of the surface energy [11],
and small distortions regime, is to obtain analytical solutions for the director profile
in a mathematical formulation as general as possible. These analytical results can be
also used to investigate the limitations of this kind of approach. In fact, for checking
the validity of these approximations, we report some results obtained by means of
numerical calculations, using Runge-Kutta method to solve the non-linearized
boundary-value problem. In this latter case, in which the mentioned approximations
are absent, the complete differential equation, together with the non-linear boundary
conditions, must be faced in order to solve the problem. Nevertheless, the results of
this comparison do not invalidate the approximated approach; on the contrary, they
reinforce the conclusion that the approximations, usually adopted, are formally
correct and constitute a useful tool to analytically solve difficult boundary-value
problems in the context of elastic theory of NLC.

II. Statement of the Problem

The sample is a nematic liquid crystal cell limited by two concentric cylinders of
radii a and b> a, whose cylindrical reference frame is such that the z axis is parallel
to the cylinder axes, as shown in Figure 1 and discussed in more details in
Ref. [7]. The geometry of the problem is such that the director is given by
n ¼ cos½wðq; h; zÞ� cos½/ðq; h; zÞ�êeq þ sin½wðq; h; zÞ� cos½/ðq; h; zÞ�êeh þ sin½/ðq; h; zÞ�êez,
where êeq ¼ cosðhÞêex þ sinðhÞêey, êeh ¼ �sinðhÞêex þ cosðhÞêey and êez ¼ êez. In what
follows, we will consider the director as remaining in the polar plane, implying that
only w can assume non-vanishing values and that the director can be considered
z-independent. Because the molecules are weakly anchored at the surfaces, the
director can take on directions different from the ones imposed by the easy axes.
Moreover, we consider that the easy directions are not uniform, i.e., the surfaces favor
a h-dependent deformation, and the easy axes vary point-to-point at the boundaries in
an inhomogeneous way. For this reason, the tilt angle depends on q and h.

As stated above, to analytically face the problem, we assume that the distortions
are small. In this manner, our approach is valid for an applied field whose intensity is
near to the one defined by the Fréedericksz threshold field. The anisotropic dielectric
constant ea¼ ek� e?< 0, (where k and ? refer to the direction of n) plays a very

Figure 1. Nematic sample limited by two concentric cylinders of radius a and b. A q-dependent
electric field is directed along a radial direction (normal to the cylinder axes, êez). The director
angle w is also shown for a hypothetical distortion in the polar plane.
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important role in this context [3,6]. The coupling term between the electric field and
the nematic director is given by ea(E � n)2=2; thereby, parallel directions of E and n are
privileged if this value is positive; the opposite situation is expected if ea is negative.
Particular attention should be paid to work with the director in the weak anchoring
situation. If the field is much strong, the surface orientation can be dismantled. How-
ever, when the anchoring energy is finite, but the anchoring is still strong enough for
not be destroyed by the external field (which should be strong enough to orient the
molecules in the polar plane), the problem can be solved. The electric field considered
here appears when the surfaces of the sample, located at q¼ a and q¼ b, are subjected
to a constant potential difference. A typical situation is achieved when the surface
q¼ a is subjected to an electric potential u¼V=2 and the surface q¼ b to an electric
potential u¼�V=2. For this case, after solving the Maxwell equations, one obtains
that E¼ ( eCC=q)eq with eCC¼V=ln(b=a). Since liquid crystals are anisotropic media, the
electric susceptibility can be a function of the tilt angle and may have a spatial
dependence in the form

eðq; hÞ ¼ e? þ ea sin
2 wðq; hÞ: ð1Þ

Therefore, there is a coupling between the molecular orientation and the electric field
[12]; consequently, the field inside the sample may differ a little from the one given
above. In fact, the electric displacement vector, which gives de real field into the
sample, is written as

D ¼ eðq; hÞE: ð2Þ

However, in the small distortions regime, in which the value of the field must remain
near to the Freédericksz threshold one, this coupling is usually small and can be
neglected.

In the one-constant approximation, i.e., K11¼K22¼K33¼K, the total elastic
free energy per unit length along the z axis is given by

F ½wðq; hÞ� ¼
Z 2p

0

Z b

a

1

2
Kð ~rrwðq; hÞÞ2 þ 1

2q2
ea eCC 2

w2ðq; hÞ
� �

q dqdh

þ
Z 2p

0

Wa

2
wða; hÞ � UaðhÞ½ �2þWb

2
wðb; hÞ � UbðhÞ½ �2

� �
dh

þ
Z 2p

0

Z b

a

K

q2
2
@

@h
wðq; hÞ þ 1

� �� �
q dq dh; ð3Þ

where Wa and Wb in the second integral refer to anchoring energy in the cylinders of
radius a and b, respectively, and Uajb are the angles defining the easy axes in each cyl-
indrical surface. Before to proceed, it is interesting to note that the last term of (3) does
not contribute for the Euler-Lagrange equation. By minimizing the above equation,
we find that the tilt angle profile of this sample is governed by the following equation

r2wðr; hÞ � c2

r2
wðr; hÞ ¼ 0; ð4Þ

subjected to the boundary condition

þLb
@wðr; hÞ

@r
þ wðr; hÞjr¼b ¼ UbðhÞ and � La

@wðr; hÞ
@r

þ wðr; hÞjr¼a ¼ UaðhÞ; ð5Þ
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where La,b¼K=(Wa,b(b�a)) are the extrapolation lengths. The Eq. (4) is a simplified
form of the equation obtained from Eq. (3) by performing the change of variables
r¼ q=(b� a), a¼ a=(b� a) and b¼ b=(b� a). In addition, c2¼ p2(E0=Ec)

2, where
E0¼ eCC=(b� a) and E2

c ¼ p2K=eaðb� aÞ2 corresponds to the threshold field for the
Fréedericksz transition in a sample of slab shape whose thickness is (b� a), in the
strong anchoring situation at the surfaces [8]. In order to solve Eq. (4), subjected to
the conditions indicated above, we may use the procedure based on separation of
variables to reduce the problem of solving a partial differential equation to the one
of solving ordinary differential equations. In this direction, we note that the solution
may be expanded in terms of the eigenfunctions of the spatial operator of Eq. (4), i.e.,
@2
hHn ¼ �k2nHn, after applying the procedure of separation of variables. For this case,

the solution can be written as

wðr; hÞ ¼
X1
n¼0

eAAnðrÞHþ
n ðhÞ þ eBBnðrÞH�

n ðhÞ
� �

ð6Þ

with Hþ
n ðhÞ ¼ cosðmhÞ and H�

n ðhÞ ¼ sinðmhÞ. The functions eAAn(r) and eBBn(r) are
determined by substituting the above solution in Eq. (4) and by taking the orthogon-
ality property of the eigenfunctions and the boundary conditions into account. This
manner, the solution for Eq. (4), subjected the boundary conditions given by Eq. (5),
is given by

wðr; hÞ ¼ D0r
c � d0r�c

2p D0r0 � g0 d0ð Þ

Z 2p

0

dhUbðhÞ þ r0r�c � g0r
c

2p D0r0 � g0d0ð Þ

Z 2p

0

dhUaðhÞ

þ
X1
m¼1

cosðmhÞ
p Dmrm � gmdmð Þ

Z 2p

0

dh cosðmhÞfabðhÞ

þ
X1
m¼1

sinðmhÞ
p Dmrm � gmdmð Þ

Z 2p

0

dh sinðmhÞfabðhÞ; ð7Þ

where

fabðhÞ ¼ UbðhÞ Dmr
nm � dm

rnm

� �
þ UaðhÞ

rm
rnm

� gmr
nm

� �
; ð8Þ

and

d0 ¼ ac � cLaa
c�1

	 

; D0 ¼ a�c þ cLaa

�ðcþ1Þ
� �

r0 ¼ bc þ cLbb
c�1

	 

; g0 ¼ b�c � cLbb

�ðcþ1Þ
� �

dm ¼ anm � nmLaa
nm�1

	 

; Dm ¼ a�nm þ nmLaa

�ðnmþ1Þ
� �

rm ¼ bnm þ nmLbb
nm�1

	 

; gm ¼ b�nm � nmLbb

�ðnmþ1Þ
� �

; ð9Þ

with nm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 þm2

p
. In particular, for La¼ 0 and Lb¼ 0, Eq. (7) recovers the

stationary solution obtained from the time dependent solution found in Ref. [7] for
the strong anchoring case. In Figure 2, we present the solution given by Eq. (7)
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by considering the surface, located at r¼ a, as having a constant easy axis, i.e.,
Ua(h)¼/0, and the other one, located at r¼ b, with a periodic distribution of the easy
axes, i.e., Ub(h)¼/1sin(qh), with q¼ 2p=k an integer, and k being the periodicity of
the distribution. In these figures are shown the solutions for two values of k, in
two different views, the 3D and the density plot. The density plot simulates the light
intensity that goes through the sample placed between crossed polarizer; these plots
have been built using the tool DensityPlot in Mathematica

1 of the function
sin2 2½Hðr; hÞ� [13], withH¼ (w(r, h)þ h) being the angle between the nematic director
and the x-axis. These plots indicate that differently from what happens in a sample of
slab shape, even a very small deformation imposed by the surface can produce a
noticeable effect on the orientation in a sample in the geometry we are considering.
In fact, it is easy to observe that the regular alternating optical pattern corresponding
to a uniform orientation is here affected by the very small deformation imposed by
the surfaces (as can be shown by the clear deviations from the regular pattern exhib-
ited on the right side of Fig. 2). The 3D plot directly shows the w behavior. It is pos-
sible to observe that for small values of k (Fig. 2a), a short range periodic distortion is
imposed by the outer surface; on the other hand, when the periodicity increases

Figure 2. The left figures show the behavior of w(r, h) (Eq. (7)) whereas the right figures show
the simulation of the optical patterns for a sample between crossed polarizer. The Cartesian
coordinates used are x¼ rcos(h), y¼ rsin(h), r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
, and h¼ arctan(y=x), with w(r,

h)¼ 0 for r� a or r� b. In (a) (top), we consider La¼ 0.03a, Lb¼ 0.02b, /1¼ p=10, /0¼ p=8,
a¼ 0.5, b¼ 1.5 (which implies b=a¼ 3), and k¼ p=4. Figure (b) (bottom) was depicted for
k¼ 3p=2. The other parameters have the same values as in (a). The simulations have been
performed for c¼ 1, giving E0¼Ec=p.
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(Fig. 2b), we have a long range periodic distortion covering all the sample. If we look
at the system with more details, we firstly observe that at those points for which the
outer surface imposes to the director a minimum value e.g., h¼ 3p=(2q), the tilt angle
w(r, h¼ 3p=(2q)) presents a zero for some value of r. This point indicates, in some
way, how far the distortion imposed by the limiting surface penetrates into the
sample. After that, the zeros of the tilt angle have to be searched. If f is the zero
of the tilt angle for a particular value of k, it can be interpreted as the length over
which the outer surface distortions extends inside the sample, measured from the
outer surface, as shown in the inset of Figure 3. One can see that, when k increases
(q vanishes), the distortions extend over a large length. For q¼ 0, there are no zeros
because there is no distortion imposed by the surface.

In Figure 4, the relevant case in which one of the surfaces is in the situation of
strong anchoring and the other one is in weak anchoring, for typical values of the
electric field, is shown. Note that even a small electric field applied to the sample
can produce a significant distortion in the sample orientation.

To analyze the problem in the absence of external field, we have to consider
Eq. (4) for c¼ 0 and solve the resulting Laplace equation, using again the boundary
conditions (5). By following the previous procedure, we have

wðr; hÞ ¼ abðlnða=rÞ � La=aÞ
ab lnða=bÞ � ðbLa þ aLbÞ

Z 2p

0

dhUbðhÞ

� ab Lb=bþ lnðbÞð Þ
ab lnða=bÞ � ðbLa þ aLbÞ

Z 2p

0

dhUaðhÞ

þ
X1
m¼1

cosðmhÞ
p 1l� xnð Þ

Z 2p

0

dh cosðmhÞgabðhÞ

þ
X1
m¼1

sinðmhÞ
p 1l� xnð Þ

Z 2p

0

dh sinðmhÞgabðhÞ; ð10Þ

Figure 3. Set of zeros of the tilt angle, f, as a function of k. The inset shows w(r, h¼ 3p=2q),
indicating also how f is measured. The parameters are the same used in Figure 2.
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where

gabðhÞ ¼ UbðhÞ 1rm � n
rm

� �
þ UaðhÞ

l
rm

� xrm
� �h i

; ð11Þ

and

n ¼ am � Lamam�1 l ¼ bm þ Lbmbm�1

1 ¼ a�m þ Lama�ðmþ1Þ x ¼ b�m � Lbmb�ðmþ1Þ:
ð12Þ

In Figure 5, we show the behavior of w(r, h) given by solution (10), for represen-
tative values of Lb, by considering the inner surface in the situation of strong
anchoring in the presence of a homogeneous easy axes distribution.

For the strong anchoring case, i.e., La¼ 0 and Lb¼ 0, Eq. (10) yields

wðr;hÞ ¼ 1

2p lnða=bÞ

Z 2p

0

dh½UbðhÞ lnðaÞ�UaðhÞ lnðbÞ�þ lnðrÞ
Z 2p

0

dh½UaðhÞ�UbðhÞ�
� �

þ
X1
m¼1

cosðmhÞ
p½ðb=aÞm�ða=bÞm�

Z 2p

0

dhcosðmhÞhabðhÞ

þ
X1
m¼1

sinðmhÞ
p½ðb=aÞm�ða=bÞm

Z 2p

0

dh sinðmhÞhabðhÞ: ð13Þ

where

habðhÞ ¼ UbðhÞ
rm

am
� am

rm

� �
þ UaðhÞ

bm

rm
� rm

bm

� �� �
: ð14Þ

Figure 4. This figure illustrates the behavior of Eq. (7) where for simplicity, we consider
La¼ 0, Lb¼ 12, Ua¼ p=15, Ub¼ p=4, a¼ 1, and b¼ 3.
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These profiles are shown in Figure 6. If one considers Ua¼ 0 and Ub¼ constant, one
recovers the same simple results reported in Refs. [4,5].

The previous results are useful, in general, to investigate the splay-bend distor-
tion in liquid crystal when these distortions are small. For this reason, the electrical
field must be of the order of the Fréedericksz threshold field to assure that these
approximations work well. In addition, they may also be used to obtain the qualita-
tive behaviour of the director when these approximations are relaxed.

In order to complete the analysis, we have performed numerical calculations to
solve the complete equation and boundary conditions, for checking the accuracy of
the analytical results. The non-linear equation to be solved is

r2wðr; hÞ � c2

2r2
sin 2wðr; hÞð Þ ¼ 0; ð15Þ

Figure 5. This figure shows the behavior of w(r), given by Eq. (10). For simplicity, we consider
La¼ 0, Ua¼ p=100, Ub¼ p=4, a¼ 1, and b¼ 3.

Figure 6. On the left is shown the behavior of w(r, h), given by Eq. (13), and on the right is
shown the simulation of the optical pattern for the sample located between crossed polarizer.
We consider Ub¼ p=8, Ua¼ p=10sin(qh), a¼ 0.5, b¼ 1.5, and k¼ p=4.
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subjected to the boundary conditions

þLb
@wðr;hÞ

@r
þ sinðwðr;hÞÞjr¼b ¼UbðhÞ and �La

@wðr;hÞ
@r

þ sinðwðr;hÞÞjr¼a ¼UaðhÞ: ð16Þ

In this framework, solutions for Eq. (15) have been searched by means of a standard
numerical procedure, essentially based on the Runge-Kutta method [14]. Figures 7a
and 7b show the behavior of the tilt angle obtained by using the analytical and
numerical calculations for comparative purposes. Note that, depending on the choice
of the parameters, we have a good agreement between the analytical and the
numerical results. One observes that the agreement is better for large values of the

Figure 7. The analytical and numerical results obtained for the tilt angle are shown in
Figures (6a) and (6b). The analytical results are the ones illustrated in Figures (4) and (5).
The numerical results are obtained by solving numerically Eq. (15) with Eq. (16).
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extrapolation length. This result reinforces the usefulness of the approximations we
employ to obtain analytical results for the molecular orientation of nematic samples
in different geometries.

III. Conclusions

We have investigated the boundary value problem stated to determine the director
profile in a liquid-crystalline sample confined between concentric cylindrical
surfaces. We formulate the problem in general terms by considering the presence
of an external electric field and easy directions that are h -dependent. In principle,
this situation could be physically relevant for liquid-crystalline systems confined
between surfaces that have inhomogeneities in the distribution of easy directions.
It was possible to verify that the analytical results are in good agreement with the
numerical ones, when the extrapolation length has non vanishing values. The agree-
ment is improved as the extrapolation length increases. On the other hand, although
the qualitative behaviour of the director angle in the analytical case seems to be the
same as the one numerically obtained, some small discrepancies arise for small values
of the extrapolation length because, in this case, the situation approaches the strong
anchoring case. The numerical analysis was developed for validating our analytical
approach, indicating that even in this approximate case, the tilt angle profile can be
determined in a very satisfactory way for a sample in weak anchoring and in the
presence of external field.
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